From quantum A]\[ (Sutherland) to Eg trigonometric model 

A.V. TurbineJ] 

Instituto de Ciencias Nucleares, Universidad Nacional Autonoma de Mexico, 
Apartado Postal 70-543, 04510 Mexico, D.F., Mexico 
(Dated: December 26, 2012) 

Abstract 

A brief review of some integrable and exactly-solvable quantum models with trigonometric poten- 
tials is given. Most of them appear in the Hamiltonian Reduction Method. They are completely- 
integrable and admit extra particular integrals. All of them are characterized by (i) a discrete 
symmetry of the Hamiltonian given by affine Weyl group, (ii) a number of polynomial eigenfunc- 
■ tions and usually quadratic in quantum numbers eigenvalues, (iii) a factorization property for 

eigenfunctions, (iv) a rational form of the potential and the polynomial entries of the metric in the 
Laplace-Beltrami operator in the exponential invariants of the Weyl group in space of orbits, the 
same holds for rational models when polynomial invariants are used instead of exponential ones, 
they admit (v) an algebraic form of the gauge-rotated Hamiltonian in the exponential invariants 
of a discrete symmetry group (in space of orbits) and (vi) a hidden algebraic structure. A hidden 
algebraic structure for A — B — C — D-series is related with the universal enveloping algebra Ugi^ 
while for the exceptional G — F — iiJ-series new infinite-dimensional finitely-generated algebras of 
differential operators occur. A special attention is given to ID and 2D cases. In particular, the 
BCi origin of the so-called TTW model is revealed which led to a new quasi-exactly solvable model 
on the plane with the hidden algebra s/(2) © sl{2). 
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I. INTRODUCTION 



In this Talk we will make an attempt to overview our constructive knowledge about 
(quasi)-exactly-solvable potentials having a form of a meromorphic function in trigonometric 
variables. Any model with such a potential is characterized by a discrete group of symmetry, 
and possesses an (in)finite set of polynomial eigenf unctions in a certain trigonometric vari- 
ables. In the case of exactly- solvable potentials an infinite discrete spectra is quadratic in 
the quantum numbers. All of these models are characterized by the appearance of a hidden 
(Lie) algebraic structure. They do not admit a separation of variables, they are completely- 
integrable possessing a commutative algebra of integrals. So far, no super-integrable models 
with trigonometric potentials are known, although all of them admit at least one particular 
integral jll. 

A similar overview of the rational models (with potential in a form of a meromorphic 
function in the Cartesian coordinates) was given in j2|. Unlike the trigonometric models 
the rational models admit a separation of radial coordinate and hence, the integral of the 
second order emerge leading to the super-integrability. For exactly- solvable rational models 
their eigenvalues depend on quantum numbers linearly, thus, their spectrum is a linear 
superposition of equidistant spectra. 

Let us consider the Hamiltonian = the Schrodinger operator 

H = + V{x) , xeR'^ . (1) 

One of the main problems of quantum mechanics is to solve the Schrodinger equation 

n^{x) = E^{x) , ^{x) G L'^iR'^) , (2) 

finding the spectrum (the energies E and eigenfunctions \1/). Since the Hamiltonian is an 
infinite-dimensional matrix, solving the Schrodinger equation is equivalent to diagonalizing 
the infinite-dimensional matrix. It is a transcendental problem: the characteristic polyno- 
mial is of infinite order and it has infinitely-many roots. Usually, we do not know how to 
make such a diagonalization exactly (explicitly) but we can ask: Do models exist for which 
the roots of the characteristic polynomial (energies), some or all, can be found explicitly 
(algebraically)? Such models do exist and we call them solvable. If all energies are known 
they are called Exactly-Solvable (ES), if only some number of them is known we call them 
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Quasi- Exactly- Solvable (QES) js]. Surprisingly, almost all such models the present author 
familiar with, are provided by integrable systems emerging from the Hamiltonian Reduction 
Method j4|. Sometimes, these models are called the Calogero-Moser-Sutherland models. 
Every Hamiltonian has a discrete symmetry - it is symmetric with respect to affine Weyl 
group. Usually, the multi-dimensional Hamiltonians of the trigonometric models are of the 
form 



H 



1 ^ 



k=l 



Q2 



/3 



^ l^\a\{y\a\ - 1) 



sm 



2 Pi 



(3) 



in the exactly- solvable case, where i?+ is a set of positive roots in the root space A of 
dimension A^, /3 is a parameter and coupling constants depending on the root length. 

For roots of the same length the constants z/|q,| are equal. Thus, the potential in ([3]) is a 
superposition of the Weyl-invariant functions each of them defined as a sum over roots of the 
same length. The configuration space is the Weyl alcove. The ground state wave function 
has a form 



^o(z/) 



n 



/3, 



sm-[a-y) 



(4) 



The ground state energy has a form Eq = /3^/o(i^) and it is known explicitly. 
Now we consider some examples from the ones known so far. 

II. SOLVABLE MODELS 



A. BCi Case or Trigonometric Poschl- Teller Potential 



The BCi trigonometric Hamiltonian reads 23 1 



'HbcA^) 



+ 



+ 



A ■ 2 0x 

4sm ^ 



(5) 



dx'^ ' sin^ (3x 

where P,92,93 are parameters. Symmetry: (Z2) ©T (reflections x — )■ — x, translation 
X — )■ X + 27r//3). As for configuration space it can be taken the interval [0, li g2 = the 
interval can be extended to [0, ^]. At (73 = the Hamiltonian ([5]) degenerates to the Ai 
trigonometric Hamiltonian (describing the relative motion). 
The ground state for ([5]) reads 



^0 = |sin(/3x)| 



1^2 



sm(-x) 



En 



[^2 + 



(6) 



(cf-dl])), where 1^2, 1^3 are found from the relations 

1 , ,1 

Note that if the parameters in ([5]) are related (72 = — 1), the ground state energy ([6]) 
takes its maximal value, E'q = 0. 

Any eigenfunction has a form \l'o9?, where is a polynomial in the BCi fundamental 
trigonometric invariant t(/3) = cos(/3x) (see ( l50ll ). Hence, the ground state function \l/o 
plays a role of multiplicative factor. 

The BCi trigonometric Hamiltonian ^ is easily related to the Trigonometric Poschl- 
Teller (P-T) Hamiltonian 

^ ^ - \W , (7^ - \W ... 



where 



4sin2 f 4cos2 ^ ' 



2 1 2 1 

a-^ = ^2 + ^3 , 7-^ = ^2- 



Replacing in ([7]) /3 — z/3, we arrive at the general Hyperbolic Poschl- Teller Hamiltonian 

^(.) ^ (^!^_ (7^ - ... 

+ 4sinh2f 4cosh2 f ' ^ ^ 

while the one-soliton Hamiltonian appears at = |. In the case of the BCi trigonometric 
Hamiltonian under the replacement P —> iP the BCi Hyperbolic Hamiltonian occurs. 
Let us introduce a new variable 

r = cos(/3x) , (9) 
(which is the ^-periodic, BCi-Wejl invariant), in the BCi Hamiltonian It appears that 

with amazingly simple meromorphic potential, where 

/ 2 .^ d'^ d 

is the flat Laplace-Beltrami operator with metric g^^ = (r^ — 1). Overall multiplicative 
factor in ( ITOj) is dropped off. It can be called a rational form of the BCi trigonometric 
Hamiltonian. The eigenvalue problem for (fTOj) is considered on the interval [—1, 1]. It can be 



easily seen that the rational form for the BCi hyperbolic Hamiltonian is exactly the same 
as for the BCi trigonometric Hamiltonian (!) and is given by ffTOl) . However, the domain for 
the BCi hyperbolic Hamiltonian fllOl) is [l,oo). In the hyperbolic case r = cosh/3x (cf-dH])) 
allows to return from flTUl) to the Schrodinger operator ([T]). The ground state eigenfunction 
([S]) in r coordinate becomes 

^o{t) = (1 + r)^ (1-r)^ . (11) 

At 1^2 = 1 and z/3 = it coincides to the Jacobian. 
Now let us make a gauge rotation 

llBC, = ^ C^BCi - ^0) ^0 , 

with \l/o given by ([6]) and write the result in the variable r. After simple calculations it reads 

fiBcAr) = (r' - 1)^ + [(2z/2 + ^^3 + l)r + Us]^ , (12) 

which is the algebraic form of the BCi Hamiltonian Its eigenvalues are 

ep = + (2z/2 + us)p , p = 0, 1, 2, . . . , (13) 

being quadratic in quantum number p, while the eigenf unctions are the Jacobi polynomials, 
y,^ = p-^---^'--5^(r). Eventually, the explicit form of an eigenfunction of the Hamilto- 



nian ([5]) is 



^(^^1) = Pp("^+"^ 5 -^\cos{(3x)) I sin(/3x)r^ | smi^x)]-"' , p = 0, 1,2, . . . . (14) 

It can be easily checked that the gauge-rotated Hamiltonian /?._bc'i(t) has infinitely many 
finite-dimensional invariant subspaces 

Vn = (r^l 0<pi <n) , n = 0,1,2,... , (15) 

hence, the infinite flag V, 

Po C Pi C P2 C. . . C P„ C . . . P , 

with the characteristic vector / = (1) (see below), is preserved by /ibci- Thus, the eigenfunc- 
tions of hBCi elements of the flag V. Any subspace Vn contains (n + 1) eigenfunctions 
which is equal to dimP„. 



Take the algebra gl2 in (n + l)-dimensional representation realized by the first order 
differential operators 

J- = A 
dr ' 

J° = r^-n , r° = 1 (16) 

where n = 0, 1, . . . and T'' is the central element. Its finite-dimensional representation space 
is the space of polynomials Vn ( ITSl) . Hence, the finite-dimensional invariant subspaces of 
the Hamiltonian hBCi coincide the finite-dimensional representation spaces of gl2 ( IT6l) for 
n = 0, 1, 2, . . .. It immediately implies that the algebra gl2 is the hidden algebra of the BCi 
trigonometric Hamiltonian - it can be written in terms of gl2 generators f|T6|) 

hsc, = J^J^ - J' J' + (21^2 + 1^3 + 1)-^° + i^sJ' , (17) 

where J° = Jq , J~ = . Thus, the Hamiltonian hsci element of the universal 

enveloping algebra Ugi2. 

Among the generators of the algebra gl2 (fT6|) there is the Euler-Cartan operator, 

tO d 

which has zero grading; it maps a monomial in r to itself. It defines the highest weight vector. 
This generator allows us to construct a particular integral - vr-integral of zero grading of the 
(n + l)th order (see 1]) 4"k''")- commutator with hsci vanishes on a subspace. If 



U^-^'n+j), (18) 

j=0 

then 

[hBcAr),ti:;'rir)]:Vn ^ 0. (19) 

Making the gauge rotation of the vr-integral (fT8|) with ^Q^(r) given by and changing 
variables r back to the Cartesian coordinate we arrive at the quantum vr-integral acting in 
the Hilbert space. 

Under such a gauge transformation the triangular space of polynomials Vn becomes the 
space 
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The Hamiltonian 1-Lbcx{x) commutes with ij^rBCii^) ^^^^ space 



Any eigenfunction \1/ G Vn is zero mode of the vr-integral X^l 

It is worth noting a connection of the BCj trigonometric model with the so-called 
Tremblay-Turbiner-Winternitz (TTW) model [5[ and, in particular, with the hik) ratio- 
nal model (see e.g. j2|). In order to see it let us take the BCi trigonometric Hamiltonian 
'Hbci (0) © the angular part and the radial part of two-dimensional spherical-symmetrical 
harmonic oscillator Hamiltonian as the radial part, and form the 2D Hamiltonian 

nTTw{r,cl);u,U2,Us.(3) = -dl - -d^ + a;V + V:^^ , (21) 

which is nothing but the Hamiltonian of the TTW model 5[. \{ (i = k integer, this 
Hamiltonian corresponds to the l2{k) rational model. The TTW model is exactly-solvable 
with spectra of two-dimensional anisotropic harmonic oscillator with frequency ratio 1 : /3. 
Any eigenfunction of fl2T]) has the form of a polynomial p(r^, cos(/30)) in variables and 
cos(/90) multiplied by a ground state function, 

^{TTW) ^ ^{u,+u,)p |sin(/3a;)|-2 |sin(^x)r^ e""^ , (22) 

namely, 

^iTTW) ^ p^r\cos{m vl>(™) . (23) 



X] 



If in the construction (1211) instead of two-dimensional radial harmonic oscillator, the 
radial Hamiltonian of the sextic QES 2D central potential (see e.g. jsl) is taken, the quasi- 
exactly-solvable extension of the TTW model occurs {s]. 



, „2„6 , o„, ,»,4 , r, ,2 o„^o„ , o , fl^ NM^2 , '^BcA4>) 



(24) 

(cf.f ET]) ). here n is non- negative integer and a > is a parameter. In this Hamiltonian a 
finite number of eigenstates can be found explicitly (algebraically). Their eigenfunctions 
have the form of a polynomial p(r^, cos(/30)) of degree n in multiplied by a factor 

^(,es, TTW) ^ ^(.,+.3)/3 I sin(/3a;)r^ | sin(^x)r^ e-^-< , (25) 
(cf.(l22])), namely, 

^ir™^ = P(r^cos(/30))^r'™^ (26) 
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The factor (l25i) is the ground state eigenfunction of the Hamiltonian at n = 0. If /3 is 
equal to non-negative integer k, a polynomial p(r^, cos(/30)) belongs to the space 7^(1, fc) with 
the characteristic vector / = {l,k), see below. 

B. Quasi- exactly- solvable BCi Case (or QES Trigonometric Poschl- Teller Poten- 
tial) 

The Hamiltonian hscii'T') ( fT2l) is (7/(2)-Lie-algebraic operator ( ITTl) which has infinitely- 
many finite-dimensional invariant subspaces in polynomials ( llSp . By adding to hscA'^) P^P 
the operator 

5/i(9-^)(r) = 2h{T^ -l)^- 2bnT + 2b{n + + 1^3 + ^) , (27) 

dr 2 

where 6 is a parameter and n is non-negative integ result we get the operator 

h%'!{T) = hsc. + 6h^'^^^\ (28) 
which has a single finite-dimensional invariant subspace 

Vn = (rP|0 <p<n) , 

of the dimension {n + 1). Hence, this operator is quasi-exactly-solvable - it can be written 
in terms of gl2 generators in [n + l)-dimensional representation f|T6|l . 

hsS = JnJn - J' J' - 2&^n + (2n+2z/2 +1/3 + 1) J° + (^^3 -2&) J" +n(n+2z/2 +1/3+ 1 ) . (29) 
Making the gauge rotation of fl28l) with 

§0 = e-^log(l-r)-if log(l+r) gftr 

and the change of variable r = cosiBx) we arrive at the i?Ci-trigonometric QES Hamiltonian 

a 

2hl3\2n + 2z/2 + 1/3 + 1) sin^ ^ , (30) 
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(cf.(|5])), where b, 1/2, 1^3, (3 are parameters, n is non-negative integer. In r variable ([9]) the 
-BCi-trigonometric QES Hamiltonian appears in rational form 



n%'^{T) = -A, + 7^^+ + b\l-T') + b{2n + 2u2 + U3 + m-T) , (31) 



(cf. lfTOi) ). where = (r^ — 1)^ + is the flat Laplace-Beltrami operator with metric 
g^^ = (r^ — !)• Overall multiplicative factor in ( !30|) is dropped off. 
In the Hamiltonian (l30l) the (n + 1) eigenfunctions are of a form 

P„(cos(/3x))|sin(/3x)r^ |sin(^x)r^ g-6cos(/3x) ^ 

where Pnij) is a polynomial of degree n, they can be found by algebraic means. It is evident 
that 2par(T) ( fTSj) remains the particular integral - vr- integral of the 5Ci-trigonometric QES 
Hamiltonian ([28]) (see Q) 

[^SSM. ^ 0. (32) 

Interestingly, the SCi-trigonometric QES Hamiltonian fl30|) degenerates to the so-called 
Magnus- Winkler (M-W) Hamiltonian or, in other words, to the QES Lame Hamiltonian (see 
e.g. B) 

U%t = --f-^ + b'f3'sin'/3x + 2bf3\2n + u + 1) sin' ^ , (33) 
where 1/ = 0, 1. 

For u = and given n there exist two families of eigenfunctions 

^nf = ^'n(cOs(/3x)) 6-'^"^^^^^ , Z = 0, 1, . . . , n 

= Pn-i(cos(/3x)) sin(/3x) e'''^^^^'^^) , z = 0, 1, . . . , (n - 1) 

which correspond to periodic (anti-periodic) boundary conditions, correspondingly. These 
eigenfunctions describe lower (upper) edges of Brillouin zones, respectively. Polynomial 
factors in (f^^'j^^ and ^n-i,i eigenfunctions of 

h%'f'^^ = JU'n - J- J- - ^bJ: + (2n + l)J° - 2bJ-+n{n+l) , 

htcT~^ = Jn-iJn-i - J-J^ - '^bJt_, + (2n + l)J°_i - 26J-+n(n + 2), 
respectively (see (fT6|) ). 
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For V = 1 and given n there also exist two families of eigenfunctions 

Vn'i^ = Pn{cos{f3x)) sin(|x) e^^^^^^^^) , 2 = 0, 1, . . . ,n 

AT = i'«(cos(/3a;)) cos(^x) e-"""'^^^^ , z = 0, 1, • • • , n 

which correspond to ( ant i) -periodic boundary conditions, correspondingly. These eigenfunc- 
tions describe upper (lower) edges of Brillouin zones, respectively. Polynomial factors in 
if^^l ■* and ^Pn'i^^ eigenfunctions of 

/^icf"^ = JnJn - J- J- - '^bJt + 2(n + l)J°+(l-26)J"+n(n + 2) , 

hfct'''^ = « - J- J- - '^bJ^ + 2{n + l)Jl-{l + 2b)r + n{n + 2). 

respectively (see f|T6|) ). 

If in a construction ( 12T]) to obtain the TTW model we replace the i?Ci-trigonometric 
Hamiltonian 1-LbcA4') © by the i?Ci-trigonometric QES Hamiltonian "H^^^V^) fl28|) 



-l/(qes)/ ,N 

7/S(r,0;a;,i.2,^3,/9) = -9,^ - -5. + a;V + , (34) 



a new quasi-exactly-solvable extension of the TTW model is obtained 



+ 

2 



62/32sin2 2b(3^ {2m + 2iy2 + + 1) sin^ ^ 



r^sin^/Jx 4r2sin2 4^ 

(35) 

(cf.(l2T])). where A^^^ is 2D Laplacian, b, 1^2, ^3, (3 are parameters, m is non-negative integer. 

If in the construction ( 12T|) instead of two-dimensional radial harmonic oscillator, the radial 
Hamiltonian of the sextic QES 2D radial potential jsl is taken and the i?Ci-trigonometric 
Hamiltonian 'HbcA'P) © is replaced by the i?Ci-trigonometric QES Hamiltonian 'H^Cii'^) 
( 128|) the most general quasi-exactly-solvable extension of the TTW model occurs 

nrrwir, n; 0, m; u, z/2, 1/3, 13, a, b) = -A^^^ + a^r^ + 2aujr'^+[uj^-2ai2n + 2 + (3{u2 + U3))y + 

M^2-l)/3^ , iy:,{u3 + 2iy2-l)f3^ b^f3\m^ /3x , 2bp\2m + 2t/2 + ^3 + 1) sin^ f 
sm 4r2 sm ^ r"^ 

where n, m is non- negative integer and a > 0,b are parameters. In this Hamiltonian a finite 

number of eigenstates can be found explicitly (algebraically). Their eigenfunctions have the 
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form of a polynomial p(r^, cos(/30)) of degree n in and of degree m in cos(/3x) multiplied 
by a factor 



2 



(cf.(l22])), namely, 



{qes, TTW) 



(37) 



(38) 



The factor (I57|) is the ground state eigenfunction of the Hamiltonian (1361) at n = m = 0. 

C. Case Apf^i 

This is the celebrated Sutherland Model [A^-i Trigonometric model) which was found in 
Gj. It describes identical particles on a circle (see Fig.l) with singular pairwise interaction 
oc where h is the horde. 




FIG. 1: iV-body Sutherland model 



The Hamiltonian is 



n 



Suth 



(39) 



where g is the coupling constant and /3 is a parameter. The symmetry of the system is 
S'tv © T © Z2 (permutations Xj — )■ Xj, translation — j- Xj + 27r//3 and all Xj — — x^). The 
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ground state of the Hamiltonian (139|) reads 

^o{x) = n I sin'(f - ^.)r , g = Hiy-l)>-\, (40) 

i<j 

(cf. dl])). Let us make the gauge rotation 

2 

/iSuth = ' (^Suth - ^o) ^0 , 

where Eq is the ground state energy. Then introduce center-of-mass variables 

Y = ^Xi , y, = Xi- , i = l,...,N , 

here '^f^iVi = 0, and then new permutationally-symmetric, translationally-invariant, peri- 
odic relative variables 



(xi,X2,...x^)^(F, r„(x) = a„(e^ '^J'(^)) | n = 1, 2, 3 . . . (iV - 1) ) , (41) 

where 

0-k{x) = ^ Xi^Xi^ ...Xi^ , crfc(-x) = {-)''ak{x) , 

are elementary symmetric polynomials, and 

To = tn{x) = 1 , Tk{x) = 0, k < OT k > N . 

The ground state function (140|) in r— variables takes a form of a polynomial in some power, 
e.g. 

^(^2) _ ^4^3 ^ _ ^g^^^^ _ ^2^2 + 27)t . (42) 



After the center-of-mass separation, the gauge rotated Hamiltonian takes the algebraic 



form 



hsut, = E A,(r)^ + E ^^(^)|r , (43) 



where 

i>max{l,j— i) 



Eigenvalues of the gauge-rotated Hamiltonian (143|) are 

1=1 i,j=l 
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being quadratic in quantum numbers {pi,P2 ■ ■ •P(Af-i)} where pi,p2 ■ ■ .p(7v-i) = 0, 1, 2, . . .. 

It is easy to check that the gauge-rotated Hamiltonian /isuth has infinitely many finite- 
dimensional invariant subspaces 

-1) = (r/^r/^ . . . r(^_i)P--i | < Ep, < n) . (44) 

where n = 0, 1, 2, . . . . As a function of n the spaces Vn^ form the infinite fiag (see below). 



1. The gld+i-algebra acting by 1st order differential operators in 

It can be checked by the direct calculation that the gld+i algebra realized by the first 
order differential operators acting in in the representation given by the Young tableaux 
as a row (n, 0, 0, ... 0) has a form 



d 



\J ij 1 1,2. ..C? 



r = X:r.|--n, (45) 

Jt = nJ' = ri (^Jj-^-n^, i = l,2...d. 

where n is an arbitrary number. The total number of generators is {d + 1)^. If n takes the 
integer values, n = 0, 1, 2 . . ., the finite-dimensional irreps occur 

= (r/^r/^..r/'*| 0< Sp, <n) . 

(cf. OS])). It is a common invariant subspace for f HS]) . The spaces Vi^^ at n = 0,1,2,.. . can 
be ordered 

^ c ) C . . . C P^'') C . . . V^"^ . (46) 

Such a nested construction is called infinite flag (filtration) V^'^\ It is worth noting that 
the fiag V^'^^ is made out of finite-dimensional irreducible representation spaces Vlf^ of the 
algebra gld+i taken in realization fl45p . It is evident that any operator made out of gen- 
erators ( 14 5 p has finite-dimensional invariant subspace which is finite-dimensional 
irreducible representation space. 
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2. Algebraic properties of the Sutherland model 



It seems evident that the Hamiltonian (143|) has to have a representation as a second order 
polynomial in generators f HS]) at = — 1 acting in R^~^, 

^Suth = PohiJ- , Ji/) , 

where the raising generators J'^^ are absent. Thus, gl{N) (or, strictly speaking, its maximal 
affine subalgebra) is the hidden algebra of the A^-body Sutherland model. Hence, /isuth is 
an element of the universal enveloping algebra UgK^N). The eigenf unctions of the A^-body 
Sutherland model are elements of the flag of polynomials "P^^"^). Each subspace Vn^ is 
represented by the Newton polytope (pyramid). It contains C^_^]^_i eigenf unctions, which 
is equal to the volume of the Newton polytope. They are orthogonal with respect to \E'o, see 

The Hamiltonian f l39p is completely-integrable: there exists a commutative algebra of 
integrals (including the Hamiltonian and the momentum of the center-of-mass motion) of 
dimension N which is equal to the dimension of the configuration space (for integrals, see 
Oshima js] with explicit forms of those). Each integral Ik has a form polynomial in momen- 
tum of degree k < N. Making gauge rotation with \E'q, separating center-of-mass motion 
and changing variable to ( 1411) any integral appears in a form differential operator with poly- 
nomial coefficients. Evidently, it preserves the flag of polynomials ( 146|) and can be written 
as a non-linear combination of the generators ( H5l) at d = N — 1 from its affine subalgebra. 
The explicit formulas of integrals in ( H5|) are unknown. The spectra of the integral which 
is a polynomial in momentum of degree k is given by a polynomial in quantum numbers of 
the degree k. All eigenfunctions of the integrals are common. 

Among the generators of the hidden algebra there is the Euler-Cartan operator, 

N-l 

OTi 



i=l 



see (145|) . which has zero grading and plays a role of constant acting as identity operator on 
a monomial in r. It defines the highest weight vector. This generator allows us to construct 
the particular integral - vr- integral of zero grading (see |l|) 



n(^n+^') (47) 

j=0 
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such that 

[hsutHir] , z£|.(r)] : ^ . (48) 

Making the gauge rotation of the vr- integral (147|) with \1/Q^(r) given by (140|) and changing 
variables r (see fHT]) ) back to the Cartesian coordinates we arrive at the quantum vr-integral, 

^ItsutHi^) = Mr)^i'Jrir)^o\r)\r^^■ (49) 

It is a differential operator of the (n + l)th order. 

Under such a gauge transformation the triangular space of polynomials V^~^^ becomes 
the space 

The Hamiltonian Tisuthix) commutes with ^^j^- Suthi^) ^^^^ ^^^^ space 

Any eigenfunction \l/ G vi,^ is zero mode of the vr-integral Suthi^) ■ 

D. Case: Hamiltonian Reduction Method 

(for review and references see e.g. Olshanetsky-Perelomov 
In this method a family of integrable and exactly-solvable Hamiltonians associated with 
affine Weyl (Coxeter) symmetry was found with the Sutherland model as one of its repre- 
sentatives. The idea of the method is beautiful and sufficient transparent, 

• Take a simple group G, 

• Define the Laplace-Beltrami (invariant) operator on its symmetric space (free motion) 

• Radial part of Laplace-Beltrami operator is the Olshanetsky-Perelomov Hamiltonian 
relevant from physical point of view. The emerging Hamiltonian is the affine Weyl- 
symmetric, it can be associated with root system, it is integrable with integrals given 
by the invariant operators of higher than two orders with a property of solvability. 

Trigonometric case: 

This case appears when the coordinates of the symmetric space are introduced in such a 
way that the negative-curvature surface occurs. Emerging the Calogero-Moser-Sutherland- 
Olshanetsky-Perelomov Hamiltonian in the Cartesian coordinates has the form ([3]) with 
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the ground state given by (jl]). In the Hamiltonian Reduction the parameters u^a] of the 
Hamiltonian take a set of discrete values, however, they can be generahzed to any real value 
without loosing a property of integrability as well as of solvability with the only constraint of 
the existence of L^-solutions of the corresponding Schrodinger equation. The configuration 
space for Q is the Weyl alcove. 

The Hamiltonian ([3]) is completely-integrable: there exists a commutative algebra of 
integrals (including the Hamiltonian) of dimension which is equal to the dimension of the 



configuration space (for integrals, see Oshima js] with explicit forms of those). Hence, the 
Hamiltonian is super-integrable. The Hamiltonian is invariant with respect to the 



affine Weyl (Coxeter) group trans: 
corresponding root space, see e.g. 



brmation, which is the discrete symmetry group of the 



The Hamiltonian 



3, Q, Q, Q, II 

we need to 



3]) has a hidden (Lie)-algebraic structure. In order to reveal it (see 



a. 



• Gauge away the ground state eigenfunction making similarity transformation 
($o)~M^-^o)*o = h 

• Consider the Hamiltonian in the space of orbits of Weyl (Coxeter) group by taking the 
Weyl fundamental trigonometric invariants as new coordinates, these invariants are 

rfHy;/3)= J^e^'^^-'^), (50) 

where Qa is an orbit generated by fundamental weight Wa, a = 1,2, N {N - rank 
of the root system); y is A^- dimensional auxiliary vector which defines the Cartesian 
coordinates. From physical point of view the expression f lSU]) is a Weyl-invariant non- 
linear superposition of plane wave with momenta proportional to /3. 

The fundamental trigonometric invariants t(/3) taken as coordinates always lead to the 
gauge-rotated trigonometric Hamiltonian h in a form of algebraic differential operator with 
polynomial coefficients. It is proved by demonstration. It is worth emphasizing a surprising 
fact that the period(s) of the invariants r(/3) is half of the period(s) of the Hamiltonian ([3]) 
and the ground state function (jlj). It seems correct (which can be proved by demonstration) 
that the original Hamiltonian "H ([3]) written in terms of the fundamental trigonometric 
invariants t(/3) takes the form 

n{T) = -A, + V{t) , (51) 
16 



where 

is the Laplace-Beltrami operator with a metric g^^r) with polynomial in r matrix elements, 
hence with polynomial in r coefficient functions in front of the second derivatives, and with 
such a property that coefficient functions in front of the ffist derivatives are also polynomials 
in r; V{t) is a rational function, see e.g. (fTOj) . ( 13T]) . The form ( 15T]) can be called the rational 
form of the trigonometric model. The same form fl5T]) appears for rational models when Weyl 
polynomial invariants are used as new coordinates. In turn, the gauge-rotated Hamiltonian 
h in r— variables takes a form 

Kr) = E C'i"l(r)9.. , (52) 

aeR+ a=l,...N 

where Ca(r) are polynomials in r, see e.g. (|T2|) . ( l43l) . The same representation holds for the 
rational models. 



E. Case BCn 



The i?C7v-Trigonometric model is defined by the Hamiltonian, 



n 



BCn 



1 ^ 



2 ^ dxi"^ 

i=l 



N 

E 

Kj 



sm^ (|(xi - Xj)) sin^ (f (xj + Xj)) 



+ 



92/3' 



N 



<=^r,2 R„. fi ^-2 



sin 8 



.=1 sm" ^ 



(53) 



where I3,g,g2,g3 are parameters. Symmetry: S'at © (Z2)®^ © T (permutations 
reflections Xi — — x^, translation Xj — > x^ + 27r//3). -BCjv root space contains roots of the 
three lengths: l,-\/2, 2. The -BCat fundamental weights coincide to the fundamental 
weights. 

The ground state function for (135]) reads 



nisin(f(x,-x,))nsin(f(x, + x,))r 



J<j 



N 



n I sin(/3. 



xjr^lsinf^x.ir^ 



2' 



(54) 



(cf.dlj), where i/, 1^2, 1^3 are found from the relations 



^ = iy(z/ - 1) > -1 , ^2 = i^2(z^2 - 1) > - J , ^3 = «^3(«^3 + 2i/2 - 1) > 
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Any eigenfunction has a form \l/oV^; where </? is a polynomial in the Cn fundamental trigono- 
metric invariants t(/3) fjSOj) . Hence, \E'o plays a role of multiplicative factor. 

The BCn Hamiltonian f l53p degenerates to the B^^ Hamiltonian at (72 = 0, to the C^v 
Hamiltonian at (73 = and to the -Da? Hamiltonian at g2 = 93 = 0. For the Bj^f Hamiltonian 
there exist two families of eigenf unctions with multiplicative factors 



nisin(|(x,-x,))nsin(f(x, + x,))r 



i<j 



sm —Xj 



and 



(2) 
0,-Ba 



.i<j 



N 



i=l 



sm — X,- 



11^3 



respectively. For the Hamiltonian there exist three families of eigenf unctions with mul- 
tiplicative factors 



(1) 



n I - a;i))ri sin(|(xi + Xj))]" 



(2) 
0,D^ 



N 



Y[ I sin(/3xi)| 



,j=i 



(3) 
0,Da 



n I - Xj))ri sm{-{xi + Xj))r 



respectively. 

Let us make a gauge rotation 



1 



hBC^ = -^(*o)"' (^BC^. -^o)*0 



and then change variables jol 



smi— Xj 



(xi,X2, ...xn)^ (rfc = (Tfc(cos/3x)| A; = 1, 2, . . . , iV) , 



(55) 



where is the elementary symmetric polynomial, Tq = 1 and = for A; < and k > N. 



It can be checked that Tk are Cn trigonometric invariants with period %. We arrive at {q] 



N 



h 



BCn 



da. id a j 



N 



d 



1=1 



(56) 
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with coefficients 

Aij = -N Ti^i Tj^i + X] [(^ - Tj+l + + J - 1) ^i^l^l T: 



l>0 



-{i-2-l) Ti^2^i Tj+i - (/ + j + 1) Ti^i_i Tj+i+A , (57) 

+u{N -i + l){N -i + 2)Ti_2 , (58) 

(cf. (ll2l) ). This is an algebraic form of the BC^ trigonometric Hamiltonian. For polynomial 
eigenfunctions we find the eigenvalues are: 

N N 

^{p} = ^ [i^(2A^ - i - 1) + 2z/2 + z/3 ipi+'^ipiPj, (59) 

i=l i,j=l 

(cf. (fT3!) ). hence, the spectrum is quadratic in quantum numbers pi = 0, 1, . . ., where i = 
1,2, ... N. The Hamiltonian hscN infinitely many finite-dimensional invariant subspaces 
of the form Vn^\ see (l44l) . where n = 0, 1,2, . . .. They naturally form the flag p(^), see 
(H6|) . The Hamiltonian can be immediately rewritten in terms of generators fH5l) at c? = 
polynomial of the second degree, 

^bCn = PohiJr ' ' 

where the raising generators J^^ are absent. Hence, gl{N + 1) is the hidden algebra of the 
BCn trigonometric model, the same algebra as for the A^v-rational model. The eigenfunc- 
tions of the BCn trigonometric model are elements of the flag of polynomials 'p(^). Each 
subspace V^"* contains C^^^ eigenfunctions (volume of the Newton polytope (pyramid) 
Vn^^). They are orthogonal with respect to \&q, see f l5^ . 

The rational form ( IST]) of the BC^ trigonometric Hamiltonian (153|) can be derived making 
the gauge rotation of the algebraic form fISBl) with inverse of the ground state function in 
r— variables, {'^o{t))~^, 

-HbcAt) = -A, + VBcAr) , 

where is the Laplace-Beltrami operator with a metric g^^{T) = Aij (see (157|) ) and Vbc'jv(t) 
is a potential. The explicit expression for Vbc'i(t) is presented in ffTOl) while the ground 
state eigenfunction '^q^^^\t) is given by fill I) . The configuration space in r coordinate is 
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FIG. 2: An illustration of the configuration space for BC2 trigonometric model in r-variables (light 
brown area) and for BC2 hyperbolic model (light blue area on the right). 



the interval, r G [—1,1] (trigonometric case) or half-line, r G [l,C)o) (hyperbolic case). As 
for BC2 case, 

/ ^ I-T2 02 2-Ti 1 2{g2 + ^3) + 92T1 - gzT2 .„„^ 

VscAr) = 9 ^T^^ + ^ TTT^, + 4 T^^TT^^ • 

and 

vl/(^^^)(r) = (r^^ - 4x2)^ (1 + n + r^)^ (1 - n + r^)"^ , (61) 

and the configuration space is illustrated by Fig. |2l 
As for 5C3 

- rg - 6rfr2 + Qnrars + 9r| - r| - 27r| (72 3 + 2ri + ra 
''''^ ^""^ ^ rM - 4rfr3 - 4r| - 27r| + ISnr^ra +2 1 + ^ + + 

^2 + 4^3 3 - 2ri + Ta , , 

4 1 - n + r2 - rg ' ^ ' 

and 

vl/(^^3)(^) = (riV2'-4r3r3-4r2-27r| + 18rir2r3)§ {i + r, + T2 + nY-^ {1-^ + 72-7,)"^ . 

(63) 

The Hamiltonian ( 153|) is completely-integrable: there exists a commutative algebra of 
integrals (including the Hamiltonian) of dimension which is equal to the dimension of 
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the configuration space (for integrals, see Oshima [8| with explicit forms of those). Each 
integral Xk has a form polynomial in momentum of degree 2k < 2N. Making gauge rotation 
with \1/q and changing variable to (1411) any integral appears in a form differential operator 
with polynomial coefficients. Evidently, it preserves the flag of polynomials (jlH]) and can 
be written as a non-linear combination of the generators (1451) at d = N from its affine 
subalgebra. The explicit formulas of integrals in generators (145|) are unknown. The spectra 
of the integral which is a polynomial in momentum of degree 2k is given by a polynomial in 
quantum numbers of the degree 2k. All eigenf unctions of the integrals are common. 

It is evident that for the BCn trigonometric model there exists a particular integral - 
TT-integral of zero grading (see ^) 



"par \ 



j=0 

(cf. 017])) such that 

[hBcAr),^^t{r)]■.Vi''^ ^ 0. (64) 

Making the gauge rotation of the vr-integral (jlT]) with \&Q^(r) given by flM|) and changing 
variables r (see (I55p ) back to the Cartesian coordinates we arrive at the quantum vr-integral, 

^Sbc.(^) = Mr)^i'i{r)%\r)\^^.. (65) 

It is a differential operator of the (n + l)th order. 

Under such a gauge transformation the triangular space of polynomials Vn^^ becomes the 
space 

The Hamiltonian 'H-BCNi^) commutes with ^^^^{x) over this space 

[HbcAx), 2'(:J_ijc.(x)] : Vf ) ^ 0. 

Any eigenfunction \1/ G Vn^^ is zero mode of the vr-integral X^l^^f^^{x). 

Now we are in a position to draw an intermediate conclusion about An and BCn trigono- 
metric models. 

• Both A^— and BCn— trigonometric (and rational) models possess algebraic forms 
associated with preservation of the same flag of polynomials p(^) . The flag is invariant 
with respect to linear transformations in space of orbits r i— t- r + A. It preserves the 
algebraic form of Hamiltonian. 
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• Their Hamiltonians (as well as higher integrals) can be written in the Lie-algebraic 
form 



where P0I2 is a polynomial of 2nd degree in generators of the maximal affine sub- 
algebra of the algebra b of the algebra qIn+i in realization (HSl) . Hence, qIn+i is their 
hidden algebra. From this viewpoint all four models are different faces of a single 
model. 

• Supersymmetric A^— and BCn— rational (and trigonometric) models possess alge- 
braic forms, preserve the same flag of(super)polynomials and their hidden algebra 

is the superalgehra gl{N + 1\N) (see l^j). 

In a connection to flags of polynomials we introduce a notion 'characteristic vector'. Let 
us consider a flag made out of "triangular" linear space of polynomials 



where the "grades" /'s are positive integer numbers and n = 0, 1, 2, . . .. In lattice space V 
defines a Newton pyramid. 

DEFINITION. Characteristic vector is a vector with components fi : 



h = PokiJib C ^/;v+i)) , 



V' 



nj 




f . ..x^/\0 < fipi + /2P2 + . . . + fdPd < n) , 



f — (/l! /2, • • • fd) ■ 



From geometrical point of view / is normal vector to the base of the Newton pyramid. The 
characteristic vector for flag V^'^^ is, 



/o 



1, !,...!) 



d 



F. Case G2 



Take the Hamiltonian 





k<l k,lj^m 



(66) 
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where g,gi and /3 are parameters. It describes a trigonometric generalization of the rational 
Wolfes model of three-body interacting system or, in the Hamiltonian reduction nomencla- 
ture, the G2 -trigonometric model j4|. The symmetry of the model is dihedral group Dq(BT. 
The ground state function is 

^ a ^ Q 

^o = Yl\sm-{xi- Xj)]" Yl \sm-{xi + Xj -2xk)\^ 



i<j 



k<l k,lj^m 



with i^, > — i as solutions of 



1 3 
g = iy{iy - 1) > -- , gi = 3/i(/i - 1) > -- . 



Making the gauge rotation 



he, = (*o)-' {-Hg, - E) vl>o 



and changing variables 



io| 



Y = ^Xi , yi = Xi-^Y , 2 = 1,2,3 



where 



ri = 2[cos(/3(yi- 7/2)) + cos(/3(2yi + 1/2)) + cos(/3(yi + 22/2))] 
T2 = 2[cos(3/3?/i) + cos(3/32/2) + cos(3/3(yi + 2/2))] 

are G2 Trigonometric invariants, and separating the center-of-mass coordinate we arrive at 



h 



G2 



12+4r2+rir2-2r/ ]d'+[ 9n+3r2+3nT2+T^-Tt ]d: 



-2 ,3 \ q2 

T2T2 



+ 



l + 3/i + 2z/ ■ 
2u + ^ Ti 



5., + 



6/i + (l + 2/i + i^)r2 + 2i/ri 



9. 



(67) 



which is the algebraic form of the G2 trigonometric Hamiltonian. The eigenvalues of 
are 



quadratic in quantum numbers pi,p2 = 0, 1, 2, 
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The Hamiltonian Hq^ has infinitely many finite-dimensional invariant subspaces 

^nli 2) = (^i'''^2^^ I < pi + 2p2 < n) , n = 0, 1, 2, . . . , (68) 



n,(l,2) 

('2) ~* 

hence the fiag 'P\i2) with the characteristic vector / = (1,2) is preserved by Hq^. The 

(2) / (2) (2) \ 

eigenfunctions of /iG2 are are elements of the fiag 'P\i 2)- Each space ( 2) © "^n-i (1 ) 
contains ~ n eigenfunctions which is equal to length of the Newton line = {ti^^T2^'^\pi + 
2p2 = n) . 

A natural question to ask whether does an algebra of differential operators exist for which 



'^n\i 2) space of (irreducible) representation. We call this algebra g^'^^ 10 1 



G. Algebra ^^^^ 

Let us consider the Lie algebra spanned by seven generators 

J' = dt, 

J'n = tdt - ^, 4 = 2udu - ^ , 

J4 = t^dt + 2tudu - nt , (69) 
Ri = fdu , ^ = 0, 1, 2 , 7^(2) = (i?o, Ri, R2) . 



It is non-semi-simple algebra gl{2, R) ix 7^*^^^ (S. Lie, 15| at n = and A. Gonzalez-Lopez et 
al, [l6| at n 7^ (Case 24)). If the parameter n in (|69|1 is a non- negative integer, it has f l68|) 

p^2) _ (^p^g|Q < (p + 2g) < n) , 
as common (reducible) invariant subspace. By adding three operators 

To = ud^ , T, = ud.jlr^ , T2 = ut\t^ + 1) = ut\t-'^ , (70) 

where 

Ji") = + 2m9„ - n , (71) 

to (7/(2, R) K T^'^^) (see (169|) ). the action on ^^^(1 2) S^ts irreducible. Multiple commutators 
of with Tq^^ generate new operators acting on P^^^^ 2)' 

T, = [J^ [J^ [. . . J^ to] . . .] = n^rv^-) ( j^-^+i) . . . (4-^+^-1) = n -^o""'^ , ^ = o, i, 2 , 
^ ) ' 
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all of them are differential operators of degree 2. These new generators have a property of 
nilpotency, 

T, = , t>2 , 

and commutativity: 

m,T,]=0, J = 0,1,2, W(2) = (To,ri,T2) . (72) 
The generators (!69|) plus (iTOj) span a linear space with a property of decomposition: 

g{2) ^ 7^(2) ^ ^ j^) ^ ^(2) ^ggg pig_ 

L , I , U 

P2{9h) 

FIG. 3: Triangular diagram relating the subalgebras L, U and gi2- ^^2(5^2) is a polynomial of the 
2nd degree in g£2 generators. It is a generalization of the Gauss decomposition for semi-simple 
algebras. 

It is worth mentioning a property of conjug ation 7^(2) ^ r(2). 

Or, ^ T2j!r\jlr^ + I) , 

ri^dr, ^ T2d\ . 

where Jq"^ = Tidr^ + 2x2^^-2 — n . 

Eventually, infinite- dimensional, eleven- generated algebra (by and Jq plus ([7^, so 
that the eight generators are the 1st order and three generators are of the 2nd order differ- 
ential operators) occurs. The Hamiltonian /iQa can be rewritten in terms of the generators 
( l69l) . (ITOl) with the absence of the highest weight generator , 

ho, = -(4J^ + J2 - 2,f - 12Rq + 2R2)J^ + \{2.P + 3J^)J^ + {J^ + 

6 2 

+ {9Ro - R2)Ri - \t, + 2vj' + ^/i±^ j2 + V±J^^3 ^ g^^^ ^ - , 
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(see 10|), where J^'^ = Jq^. Hence, gl{2, R) k TZ^"^^ is the hidden algebra of the G2 trigono- 
metric modeL 

The G2 trigonometric Hamiltonian admits the integral in a form of the 6th order differ- 



ential operator 



After gauge rotation with ^0 in variables ri^2 the integral has to take 



(2) 

the algebraic form which is not known explicitly. This integral preserves the same flag r^i ^) 
as the Hamiltonian flB7|) . It can be rewritten in term of generators of the algebra g^'^\ In 
addition to it, there exists vr- integral of zero grading (see p|) 



j=Q j=0 



(cf. dlT])) such that 



[hGAr], $lM]:^Si,2) ^ 0. (73) 

Making the gauge rotation of the 7r-integral (l47l) with \E'Q^(r) given by (j54j) and changing 
variables r (see ( l55l) ) back to the Cartesian coordinates we arrive at the quantum vr- integral, 

= Mr)^i:^r{r)%\r)\^-... (74) 
It is a differential operator of the (n + l)th order. 

(2) 

Under such a gauge transformation the triangular space of polynomials 2) becomes 
the space 

y(iV) _ ^ p(2) 

•^n ^0/ n,(l,2) ■ 

The Hamiltonian 'Hg2{x) commutes with XparG2(^) ^^^^ space 

[^G.(x), x(:)e^(x)]:Vf) ^ 0. 

Any eigenfunction \l/ G Vn^'' is zero mode of the vr-integral 2^0^,02 (^)- 

(2) 

Summarizing let us mention that in addition to the flag 2) ^2 trigonometric 
Hamiltonian preserves two more flags: ^(3,5) and ^(5,9), where their characteristic vectors 
(3, 5) and (5, 9) coincide to the Weyl vector and co-vector, respectively. 

H. Cases F4 and Eqj 

13| and in [l^, see p. 1416, respec- 



In some details these three cases are described in 
tively. 
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I. Case Eg (in brief) 



In this Section a brief description of Eg trigonometric case is given, all details can be 
found in jl^ . 

The trigonometric Hamiltonian has a form ([3]), 

32 8 



j<i=i L 



sm ^[Xi + Xj^ 



+ 



1 



(75) 



sin2^(x8 + Ej=i(-l)'^^a;/ 

it acts in R^. The second summation being one over septuples {z/j} where each Vj = 0, 1 
and X]J=i is even. Here g = u[u — 1) > —1/4 is the coupling constant and (5 is parameter. 
The configuration space is the principal E^ Weyl alcove. Symmetry of the E^ trigonometric 
model is given by the affine Eg Weyl group of the order 696 729 600. The ground state 
function \l/o is given by (jlj). Making a gauge rotation of the Hamiltonian 

1 



/3' 



where £"0 = 310/3^ is the ground state energy, and introducing new variables ri,...,8(/3), 
which are fundamental trigonometric invariants with respect to the Eg Weyl group, we arrive 
at the Eg trigonometric Hamiltonian in the algebraic form 



h 



dndrj 



d_ 

dTj 



(76) 



where Aij^r), Bj (r; u) are polynomials in r with integer coefficients and -Bj(r; z/) depend on 
1/ linearly (see iJ], Appendix A). 

It is easy to check that the algebraic operator has infinitely-many finite-dimensional 
invariant subspaces 

-p(2,2,3,3,4,4,5,6) _ 



{ti't^^t;^'t2't^'t;^''TjW^''\0 < 2ni + 2n2 + 3n3 + 3n4 + 4n5 + 4n6 + 5n7 + 6n8 < n) , neN , 

all of them with the same characteristic vector / = (2, 2, 3, 3, 4, 4, 5, 6), they form the infinite 
fiag. The spectrum of the Hamiltonian (1761) is quadratic in quantum numbers Q, 

Eigenf unctions 4'n,{p} of are elements of 'p^''^'^''^'^'^'^'^\ xhe number of eigenfunctions 

. ^(2.2,3,3,4,4,5,6) . w J- • f -0(2,2,3,3,4,4,5,6) 
m Pn IS equal to dimension 01 Pn ■ 
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The space T^n ''''''' is a finite-dimensional representation space of a Lie algebra of 
differential operators which we call the e^^^ algebra 18|]. It is infinite-dimensional but finitely 
generated algebra of differential operators, with 968 generating elements in a form of differ- 
ential operators of the orders 1*^* (54), 2^^^^ (24), 3'^'^ (18), 4'^'^ (18), 5'^ (28), 6'''^ (5) plus one of 
zeroth order (constant). They span 100 + 100 Abelian (conjugated) subalgebras of lowering 



and raising generators L and U 2J] and one algebra B of the Cartan type of dimension 15 



plus one central element. Among the generators of B there is the Euler-Cartan operator 

The algebra B together a pair of conjugated Abelian algebras obey the diagram of Fig. HI 
Depending on what pair L, U the degree p takes the following values: 2, 3, 4, 5, 6, 7, 8, 9, 
10. 

B 

L , I , U 

FIG. 4: Triangular diagram relating the subalgebras L, U and B. Pp{B) is a polynomial of the pih. 
degree in B generators. It is a generalization of the Gauss decomposition for semi-simple algebras. 



The E'g trigonometric model is completely-integrable - there exist seven algebraically 
independent mutually commuting differential operators of finite order which commute with 
the Hamiltonian ( !75|l 0, [l3| • We are not aware about the existence of their explicit forms. 
It seems evident that any of these integrals after the gauge rotation with the ground state 
function \t'o the space of orbits should take an algebraic form of a differential operator with 
polynomial coefficient functions. Any integral as well as the Hamiltonian is an element of 
ihe algebra e'-^^ In addition to "global" integrals there exists vr-integral of zero grading (see 



11) 

n n 

^^^{r) = Uit^+j) = 11 J, 

j=0 j=0 

where Jq"^ is given by fl77|) (cf. P7|) ) such that 



[/^i.s(r),$lM]^^r''''''''''''^ ^ 0. (78) 
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It is worth mentioning that the operator (1761) has a certain property of degeneracy: it 
also preserves the infinite fiag of the spaces of polynomials with the characteristic vector 
/ = (29, 46, 57, 68, 84, 91, 110, 135). This vector coincides to the Weyl (co)vector. Hence, 
the eigenfunctions of fiEgir) are the elements of this fiag as well. It implies the existence of 
another vr-integral 4ar('r) "with Jq"^ given by 

4"^ = 29Tidr, + AQT2dr, + 57x39^3 + Q8tA, + SAT^dr, + 9lTGdr, + llOrr^,, + 135Tsdr, - n , 

(79) 

such that 

[/^i^B(^),?i(r)] : ^(29.46,57,68,84,91,110,135) ^ g _ (gg) 



III. CONCLUSIONS 



For trigonometric Hamiltonians for all classical Aj^^ BCn, B^^Cn, Dj^ and excep- 
tional root spaces G2, F^, Eqj^s, similarly to the rational Hamiltonians including non- 
crystallographic -^3,4, hik) (see j^), there exists an algebraic form after gauging away 
the ground state eigenfunction, and changing variables from Cartesian to fundamental 
trigonometric Weyl invariants (see jj, 10 1, 11 1, 12 1, [ist, jl^). Their eigenfunc- 



tions are polynomials in these variables. They are orthogonal with respect to the 
squared ground state eigenfunction. 

Coefficient functions in front of the second derivatives of these gauge-rotated Hamil- 
tonians which are polynomials in fundamental trigonometric Weyl invariants define a 
metric A of fiat space in the space of orbits. We will call this metric as the V.I. Arnold 
metric who was the first to calculate a similar metric in the case of polynomial Weyl 
invariants. This metric has a property that in the Laplace-Beltrami operator the 
coefficient functions in front of the first derivatives are polynomials in fundamental 
trigonometric invariants. This property is similar to one which occurs in the case of 
rational models. The (rational) Arnold metric for the space of orbits parametrized by 
polynomial Weyl invariants can be considered as an appropriate degeneration of the 
(trigonometric) Arnold metric for the space of orbits parametrized by fundamental 
trigonometric Weyl invariants. 

Any trigonometric Hamiltonian is characterized by a hidden algebra. These hidden 
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algebras are Ugi{^M+i) for the case of classical An, BCn, Bn, Cn, Dn and new infinite- 
dimensional but finite-generated algebras of differential operators for all other cases. 
All these algebras have finite- dimensional invariant subspace(s) in polynomials. 

The generating elements of any such hidden algebra can be grouped into an even 
number of (conjugated) Abelian algebras Li, Ui and one Lie algebra B. They obey a 
(generalized) Gauss decomposition rule (see Fig. [5]). A study and a description of all 
these algebras is in progress and will be given elsewhere. 

B 

L- ^ U 



FIG. 5: Triangular diagram relating the subalgebras L, U and B. Pp{B) is a polynomial of the pth 
degree in B generators. It is a generalization of the Gauss decomposition for semi-simple algebras 
where p = 1. 

• Any algebraic Hamiltonian /i of a trigonometric model preserves one or several flags 
of invariant subspaces with characteristic vectors given by the highest root vector, the 
Weyl vector and the Weyl co- vector (see Table 1). With a single exception of the Eg 
case the flags for rational and trigonometric models coincide. 

• The original Weyl-invariant periodic Hamiltonian ([T]) written in the fundamental 
trigonometric invariants ( l50l) corresponds to a particle moving in the flat space with 
(trigonometric) Arnold metric ^ in a rational potential, 

e 

k 

where A_4 is the Laplace-Beltrami operator, gkik = are coupling constants, i 

is a number of different root lengths in the root space. Vfe(r) are rational functions. 
So far, we are unaware about the explicit form of these functions Vfc(r) for all root 
systems but for some particular cases (see (|T0|) . fl3Tl) . (|60|1 . (I62l) ). 
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The existence of an algebraic form of the Hamiltonian /i of a trigonometric model 
allows us to construct integrable discrete systems in the space of orbits with the same 
hidden algebra structure, having a property of isospectrality, on uniform, exponential 



and mixed uniform-exponential lattices following a strategy presented in 
lattice) and 22| (exponential lattice). 



2l| (uniform 



TABLE I: Minimal characteristic vectors for rational (non)crystallographic and trigonometric crys- 
tallographic systems (see [l^ ) . For latter case the Weyl vector and co- vector as 



teristic vectors occur. Characteristic vectors for H-^, l2{k) are from 



I3,Q, 



possible charac- 



20( 1. respectively. 



Model 


Rational 


Trigonometric 


Minimal 


integer Weyl 


integer co-Weyl 


An 


(1,1,. ..1) 

V ' 

N 


N 






BCn 


(M__i) 

N 


(M__l^ 

N 






G2 


(1,2) 


(1,2) 


(3,5) 


(5,9) 


Fi 


(1,2,2,3) 


(1,2,2,3) 


(8,11,15,21) 


(11,16,21,30) 


Ee 


(1,1,2,2,2,3) 


(1,1,2,2,2,3) 


(8,8,11,15,15,21) 


(8,8,11,15,15,21) 


E7 


(1,2,2,2,3,3,4) 


(1,2,2,2,3,3,4) 


(27, 34,49,52,66,75,96) 


(27,34,49,52,66,75,96) 


Es 


(1,3,5,5,7,7,9,11) 


(2,2,3,3,4,4,5,6) 


(29,46,57,68,84,91,110,135) 


(29,46,57,68,84,91,110,135) 


H3 


(1,2,3) 








Hi 


(1,5,8,12) 








h{k) 


(l,k) 
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